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Consider a one parameter family of operators acting on $\documentclass[12pt]{minimal}
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In this note we study the semi-classical limit of the analytic eigenbranches, i.e., the behavior of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ has to be a critical value of *v*, see part (h) in the theorem below. These observations are analogous to a result of Luc Hillairet \[[@CR8]\] who considered the scalar case on $\documentclass[12pt]{minimal}
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While Hillairet's proof uses the invariance of semi-classical measures under the corresponding Hamiltonian flow, our approach is entirely elementary and does not make use of these concepts. The ideas entering into the proof, however, appear to be essentially the same. Notably, in order to show that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu $$\end{document}$ has to be a critical value of *V*, we too rely on commutator computations. Avoiding semi-classical measures makes the generalization to the vector valued case considered here straight forward. As in Hillairet's argument, convergence of $\documentclass[12pt]{minimal}
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                \begin{document}$$t^{-2}\lambda _t$$\end{document}$ follows from the fact that this quantity, suitably corrected due of the presence of *A*, is bounded and monotone, cf. ([14](#Equ14){ref-type=""}) below. The fact that the Laplacian is semi-bounded enters crucially at this point.

Let us emphasize that analytically parametrized eigenbranches may cross and will in general not remain in the same order. Hence, the asymptotics of analytic eigenbranches might be quite different from the well understood asymptotics of the spectral distribution function, i.e., the asymptotics of the eigenvalues ordered increasingly. In particular, we cannot rule out the existence of analytic eigenbranches which do not correspond to any eigenvalue of the approximating harmonic oscillator associated with the deepest wells, cf. the concluding remarks at the end of this note.

The asymptotics of the spectral distribution function in the semi-classical limit has applications in quantum mechanics and geometric topology \[[@CR4]--[@CR7]\]. We merely mention Witten's influential paper \[[@CR12]\] and and proofs of the Cheeger--Müller theorem \[[@CR1]--[@CR3]\]. In these geometric applications, a Morse function *f* provides a deformation of the deRham differential, $\documentclass[12pt]{minimal}
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                \begin{document}$$V=|df|^2$$\end{document}$. Hence, in this case the absolute minima of *V* coincide with the critical points of *f*.

Let us return to a general one parameter family of operators considered above, see ([1](#Equ1){ref-type=""}), and an analytic eigenbranch as in ([2](#Equ2){ref-type=""}). Subsequently, we will use the notation $\documentclass[12pt]{minimal}
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Theorem {#FPar1}
=======

For each analytic eigenbranch the following hold true: $\documentclass[12pt]{minimal}
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Proof {#FPar2}
=====

From ([2](#Equ2){ref-type=""}) we obtain$$\documentclass[12pt]{minimal}
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From ([1](#Equ1){ref-type=""}) and ([3](#Equ3){ref-type=""}) we immediately get$$\documentclass[12pt]{minimal}
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Let us mention that many of the preceding statements remain true for continuously parametrized eigenbranches. In particular, the limit in ([4](#Equ4){ref-type=""}) exists for every continuous eigenbranch $\documentclass[12pt]{minimal}
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Concluding remarks {#Sec1}
==================

At the very end of Section 3 in \[[@CR8]\], Hillairet points out that for $\documentclass[12pt]{minimal}
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For the operators considered in the theorem above we propose the following

Conjecture {#FPar3}
----------

If the minima of *V* are non-degenerate in the sense of Shubin \[[@CR10], Condition C on p. 378\] and *M* is connected, then $\documentclass[12pt]{minimal}
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From ([14](#Equ14){ref-type=""}) we see that there exists a constant *C* such that$$\documentclass[12pt]{minimal}
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